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We show that the T1-spaces are precisely the maximal point spaces of conditionally up-
complete algebraic posets with the Scott topology. Moreover, we establish an equivalence
between the category of T1-spaces with a distinguished base and a certain category of
so-called camps. These are conditionally up-complete, algebraic and maximized posets
in which every compact element is a meet of maximal elements, and they provide
essentially unique algebraic ordered models for T1-base spaces. A T1-space has a damp
model (a domain model that is a camp) iff it has a base not containing any free ﬁlter
base. From this, it follows that all completely metrizable spaces and, more generally, all
complete Aronszajn spaces have damp models. Moreover, damp models also exist for all
Stone spaces; the latter representation gives rise to an equivalence and a duality for so-
called Stone base spaces, extending the classical Stone duality. Furthermore, it yields a
purely order-theoretical description of clopen bases for Stone spaces and, algebraically, of
ﬁnitary meet bases of Boolean lattices in terms of maximal ideals.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Domain theory effectively combines order-theoretical and topological concepts with computational methods; in partic-
ular, “computational models” provide the representation of spaces as maximal layers of continuous or algebraic posets,
endowed with the relative Scott topology. This fascinating theme has attracted rapidly growing interest during the last
decade (see e.g. [4,5,17–20]).
Usually, the representing posets are required to be up-complete (directed-complete or dcpos), that is, all directed subsets
must have joins. From the computational point of view, that is certainly a reasonable restriction, but it excludes a broad
spectrum of interesting representation theorems valid only under weaker completeness assumptions. In the present study,
we relax the completeness conditions when we speak of “algebraic models”. Here, the word ”algebraic” has the usual order-
theoretical meaning: an algebraic poset is a partially ordered set in which each element is a directed supremum of compact
elements; but, as in [8,15,18] and other references, up-completeness is not required.
Let us recall from [11] a general basic model construction for arbitrary T0-spaces that will be crucial for our purposes.
First, an obvious remark:
Lemma 1. In the underlying poset of a T0-space (with specialization order x y ⇔ x ∈ {y}), meet-density of subsets entails topological
density.
This is because any open set is an up-set, and meet-density of a subset M ensures that each element is a meet (greatest
lower bound, inﬁmum) of points from M , whence M intersects every nonempty up-set.
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to make the model construction work, we exclude the empty set from bases of topological spaces. With the understanding that
“essentially unique” always means “unique up to isomorphism”, we cite from [11]:
Proposition 1. For any base B of a T0-space X, there is an essentially unique B-space XB with the following properties:
(1) X is meet-dense (hence topologically dense) in the B-space XB .
(2) The base B is induced by the least base of XB .
(3) All points in the remainder XB  X are base points.
In particular, every (T0) space is a dense subspace of a (T0) B-space.
To obtain XB , one may identify X with X◦ , the collection of all cores [x) = {y: x y} in X , and take the union with B,
ordered by dual inclusion. The principal ﬁlters of XB generated by the members of B form the least base of a T0-space with
the desired properties.
If B is a base for a T1-space X then the elements of X resp. X◦ are the maximal elements of XB; moreover, each non-
maximal element has a least neighborhood and is dominated by a maximal element (w.r.t. the specialization order). Calling
a B-space with that property a B1-space, we conclude:
Corollary 1. The T1-spaces are precisely the (dense) maximal point spaces of B1-spaces, which may be chosen so that any prescribed
base of the given T1-space is induced by the least base of the B1-space.
If XB is sober then it is an ideal model in the sense of Martin [19] (that is, an algebraic dcpo in which all elements are
maximal or compact). But, of course, XB will not be sober in general. However, invoking the sobriﬁcation of XB , we ﬁnd
that every T1-space X with a given base B is the maximal point space of an algebraic poset in which at least all bounded
directed subsets possess joins, such that B is induced by the smallest base of the Scott topology. Any poset with these
properties may be regarded as an algebraic model for the T1-base space (X,B); but keep in mind that our models need not be
dcpos.
As demonstrated in [11], Proposition 1 admits an “algebraic” reﬁnement, too: any T0-base space, i.e. every T0-space X
with a distinguished base B, has a representation by a so-called cap. This is a pair (A,M) consisting of a conditionally
up-complete algebraic poset A and a point generator M , that is, a subset such that each compact element is a meet of
elements from M .
Theorem 1. For each T0-base space (X,B), there is an essentially unique cap (A,M) such that X is the set M endowed with the
relative Scott topology and the base B is induced by the least base of A. Moreover, by that correspondence, one obtains an equivalence
between the category of caps (with suitable partial adjoints as morphisms) and the category of T0-base spaces.
See the last section of [11] for details. Speciﬁcally, each T1-base space has an essentially unique camp model (whose
maximal point space is the given T1-space). By a camp, we mean a conditionally up-complete algebraic maximized poset
such that each compact element is a meet of maximal elements (a poset is maximized if each element is dominated by a
maximal one). Compared with general algebraic posets, camps have the crucial advantage that their least bases (of compact
elements) are dually isomorphic to the induced bases of the maximal point spaces.
Introducing suitable morphisms, we are able to establish an equivalence between the category of camps and that of
T1-base spaces. This equivalence is obtained directly by restricting the morphisms to the maximal point spaces, but also
by composing two natural dualities: one between camps and certain ideal extensions, the so-called MI-extensions (see Sec-
tion 4), and one between the latter objects and T1-base spaces.
As observed by Martin [18], algebraic domain models can exist for sober Baire spaces only. For a dcpo that is a camp
we use the short term damp. The T1-base spaces (X,B) possessing a damp model are characterized by the condition that
every ﬁlter base in B has nonempty intersection – a property closely related to various completeness notions for bases
of topological spaces (see, e.g., Green [16], Wicke and Worrell [22,23]). From this model representation, we deduce that
every completely metrizable space and, more generally, every complete Moore space (cf. [16,21]) and even every complete
Aronszajn space [3,16,23] has an ideal damp model, thereby improving recent results by Bennett, Lutzer and Reed [5].
It is precisely the zero-dimensional T1-spaces which occur as so-called umbrellas in algebraic dcpos (and even in damps);
topologically, such umbrellas are subspaces consisting of some maximal points (perhaps not all) such that the topology of
the represented space is not only induced by the Scott topology but also by the Lawson topology. Compare this with
Lawson’s result [17] that the maximal point spaces of ω-continuous dcpos enjoying that property are exactly the Polish
spaces (see also Martin [20]).
A quite satisfactory solution is obtained for Stone spaces (= Boolean spaces). Any such space is representable as the
space of all maximal points of a damp with the above property, and there is an equivalence between Stone base spaces (with
a distinguished base of clopen sets) and a certain category of algebraic dcpos (so-called Stone camps), which in turn is dual
M. Erné / Topology and its Applications 158 (2011) 945–962 947to a category of so-called Boolean bases. The composite duality extends the classical Stone duality, and only that very last
step requires choice principles.
Parts of these considerations were included in a preprint [13] and presented at the topology conference in Cape Town
2004, but these matters did not appear in print until now.
The helpful support of H.P. Künzi in the search of appropriate background literature about complete bases is gratefully
acknowledged.
2. Algebraic posets and their topological manifestation
In this section, we collect together some more or less known deﬁnitions and facts needed in due course. A down-set (or
lower set) in a poset A is a subset that contains with any element all smaller elements. The least down-set containing a
subset B is
↓ B = {a ∈ A: ∃b ∈ B (a b)}.
An ideal is a directed down-set, and the ideal completion I A consists of all ideals. The symbol ↑ B , up-sets (or upper sets)
and ﬁlters (dual ideals) are deﬁned dually.
Recall that the way-below relation  (or A ) of a poset A is given by b  a iff b belongs to ⇓a = ⇓A a, the intersection
of all ideals having a join that dominates a. A poset A is continuous if each element a ∈ A is a directed join of elements
b  a, and an algebraic poset is one in which every element is a directed join of compact (or ﬁnite) elements, i.e. elements c
with c  c; see Gierz et al. [15] for a comprehensive discussion of continuous and algebraic dcpos. Clearly, every algebraic
poset is continuous.
For any poset A, we denote by KA the subposet of all compact elements, by MA the antichain of all maximal elements,
and by σ A the Scott topology, consisting of all up-sets U that intersect each ideal having a join in U . By deﬁnition, b ∈ KA
means that the core [b) is open in σ A. The T1-space obtained by equipping MA with the topology inherited from σ A will
be denoted by MΣ A; we call MA the maximal layer and MΣ A the maximal point space of A. Sometimes, X will denote
interchangeably the set MA or the space MΣ A.
While in a dcpo (or up-complete poset) all directed subsets have joins, we speak of a cup (a conditionally up-complete
poset) if at least all bounded directed subsets have joins. Note that such fundamental objects as N or Z, the chains of
natural numbers or of integers, respectively, and the trees of all (ﬁnite) strings over a ﬁnite alphabet are algebraic cups but
not dcpos, while the reals form a non-algebraic continuous cup R (but not a dcpo).
Lemma 2.
(1) The cups are exactly the down-sets of dcpos.
(2) The continuous cups are exactly the down-sets of continuous dcpos.
(3) The algebraic cups are exactly the down-sets of algebraic dcpos.
Moreover, if A is a down-set of an algebraic dcpo D, then
KA = A ∩ KD and σ A = σ D|A .
Proof. (1) Any down-set of a (continuous, algebraic) dcpo is obviously a (continuous, algebraic) cup. Conversely, any cup C
is a down-set in the dcpo C ∪ {} obtained by adjoining a top element .
(2) To see that every continuous cup C is a down-set in a continuous dcpo D is more involved, because C ∪ {} need
not be continuous anymore (not even in case C was algebraic, like the disjoint union of a singleton and the chain ω). Let
D be the collection of all ideals that are way-below ideals ⇓a (a ∈ C ) or of the form I = ⇓ I = ⋃{⇓a: a ∈ I} and not
upper bounded. Ordered by inclusion, D turns out to be a continuous dcpo with ⇓a D I if a ∈ I , and a → ⇓a deﬁnes an
isomorphism between C and a down-set of D. Hence, a suitable isomorphic copy of D is a continuous dcpo and contains C
as a down-set.
(3) was established in [11]. The relativization properties are easy consequences of the fact that the principal ﬁlters
generated by compact elements in an algebraic poset form the least base for the Scott topology. 
Henceforth, all order-theoretical statements about topological spaces refer to the specialization order, given by
x y ⇔ x ∈ {y}.
Thus, the principal ideal
↓ x= (x] = {y: y  x}
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↑ x= [x) = {y: x y}
is the core, i.e. the intersection of all neighborhoods of x.
It will be convenient to write Bx for B ∩ (x] and xB for [x) ∩ B if x is an element and B is a subset of a poset or space.
As demonstrated in [11], algebraic posets admit a purely topological description as so-called (σ -)weak B-spaces. Recall
that a B-space is a topological space with a least (equivalently, a minimal) base; a T0-space is said to be σ -weak or a weak
monotone convergence space if every directed subset having a supremum converges to that supremum – which is equivalent
to saying that the topology is weaker than the Scott topology of the underlying specialization poset. As in [11], we mean by a
conditionally monotone convergence space a T0-space X such that every bounded monotone net in X has a join (= supremum
in the specialization order) to which it converges, whereas a monotone convergence space is a T0-space X in which every
monotone net has a join and converges to that join.
Theorem 2. The σ -weak B-spaces are precisely the algebraic posets, and the sober B-spaces are precisely the algebraic dcpos, both en-
dowed with the Scott topology. Hence, the sobriﬁcation of an arbitrary T0-B-space is an algebraic dcpo; in fact, it is the ideal completion
of the subposet of all base points.
The concrete Scott functor Σ induces categorical isomorphisms between
• algebraic posets and σ -weak B-spaces,
• algebraic cups and conditionally monotone convergence B-spaces,
• algebraic dcpos and sober B-spaces (= monotone convergence B-spaces).
As an immediate consequence of Theorem 2 and the well-known duality between join-semilattices and algebraic lat-
tices (with morphisms preserving directed joins and arbitrary meets) via the ideal completion, one immediately obtains a
topological representation of lattices and join-semilattices:
Corollary 2. The category of ( join-semi-)lattices is dual to the category of sober B-spaces whose minimal bases are ( join-semi-)lattices
with respect to the specialization order (and continuous upper adjoint maps as morphisms).
The topological minimal base property of algebraic posets is reﬂected by a purely order-theoretical base property: a base
of a poset A in the sense of domain theory is a subset B such that for each a ∈ A, the set ⇓a ∩ B = {b ∈ B: b  a} is
directed and has the join a. Thus, a poset is continuous (a domain) if and only if it has a base (see, e.g., [15]). Similarly,
a poset is algebraic if and only if it has a minimal base (consisting of all compact elements). Hence, posets with minimal
bases bijectively correspond to σ -weak spaces having minimal bases, and the respective categories are isomorphic.
There is not only a topological but also an ideal-theoretical representation of algebraic posets, justifying the term
“algebraic” from another point of view. While the ideal completion I P of a poset P consists of all ideals of P , we mean
by an ideal extension of P any collection I of ideals that contains at least all principal ideals (whence P is embedded by
x → (x] in I , justifying the name “extension”). The following was shown in [11]:
Proposition 2. The algebraic posets are essentially the algebraic ideal extensions, characterized by the additional property that all
principal ideals are compact. For suitable morphism classes there is a categorical equivalence and also a duality between algebraic
posets and algebraic ideal extensions, under which the algebraic domains correspond to the ideal completions.
A ﬁnal remark: B-spaces are close to but nevertheless much more general than A-spaces (Alexandroff discrete spaces [1]),
in which all cores are open. Indeed, the B-spaces are exactly those which have a strongly dense A-subspace (namely, that
of all base points; strong density means that every closed subset of the whole space is the closure of its intersection with
the dense subspace). Proposition 1 shows that every space occurs as a dense subspace of a B-space, whereas subspaces of
A-spaces are again A-spaces.
3. Camps and their maximal point spaces
It is well known and easily veriﬁed that the contravariant open set lattice functor, associating with any continuous
map between topological spaces the preimage map between their topologies (open set lattices), induces a dual equivalence
between T1-spaces and coatomistic frames with frame homomorphisms; passing to their upper adjoints (so-called locale
morphisms), one arrives at a categorical equivalence between T1-spaces and coatomistic locales (see e.g. [6] for the object
part and [9] for the morphism part).
From the constructive point of view, one often will prefer to work with bases instead of the whole topologies, because
suitable bases may be relatively small and convenient. Therefore, it will be useful to introduce the concept of T1-base spaces,
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obtained that way. In any case, X is completely determined by B, so that one could focus on the base B alone; but in most
instances it is more suggestive to include the set or space X in the consideration. Henceforth, any topological base B is
thought of being ordered by dual inclusion, so that the ideal completion
ΦB = IBd of Bd = (B,⊇)
consists of all ﬁlters in B.
We shall now modify the constructions in Proposition 1 and Theorem 1 in order to represent any T1-space as the space of
all maximal points in an algebraic poset. This is easily achieved if not up-completeness but only conditional up-completeness
is demanded. First, passing to the sobriﬁcation of XB , we obtain the ideal completion C = IBd (see Theorem 2). Since the
corresponding topologies are isomorphic, the least base of C induces the least base of XB , which in turn induces the original
base B. Thus, we have:
Proposition 3. Any T1-space with a given base B is a subspace of an algebraic dcpo whose least base induces B.
While X is (homeomorphic to) the space of all maximal points in XB and coﬁnal in that poset, it may happen that the
sobriﬁcation destroys the maximality of certain points and creates new maximal points. But, by Lemma 2, the down-set
A = ↓ X = {a ∈ C : ∃x ∈ X (a  x)} is an algebraic cup whose Scott topology is induced by that of C . By the T1-axiom,
X is the coﬁnal set of all maximal elements in A, and σ A|X = σ C |X . Thus, given a T1-base space (X,B), it is possible to
construct a poset A whose maximal point space MΣ A is the original space, whose minimal base induces the base B, and
which is
(C) conditionally up-complete: all bounded directed subsets have joins;
(A) algebraic: each element is a directed join of compact elements;
(M) maximized: the set of all maximal elements is coﬁnal;
(P) point generated: each compact element is a meet of maximal elements.
A poset A with these four properties will be called a camp. A dcpo that is a camp will be referred to as a damp.
In the diagrams below, compact elements are represented by bold dots, and maximal elements are encircled. The inde-
pendence of the four axioms C, A, M and P is witnessed by the following
Examples (of posets that are not camps).
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Examples (of camps). (1) A ﬁnite poset is a camp iff its maximal layer is meet-dense.
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(2) While algebraic dcpos (in particular, damps) are determined, up to isomorphism, by their subposets of compact
elements, that uniqueness property need not hold for arbitrary camps. For example, a disjoint union of n trees T with the
950 M. Erné / Topology and its Applications 158 (2011) 945–962left diagram below is the subposet consisting of all compact elements in n+ 1 pairwise non-isomorphic camps, obtained by
adding top elements to the “trunks” of some of these trees (see diagram T1).
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(3) More surprisingly, a camp A need not even be determined by the subposet KA ∪ MA of all compact or maximal
elements. The two non-isomorphic trees T1 and T2 sketched in the previous diagrams are damps having the same subposet
KTi ∪MTi (i = 1,2). In fact, T1 is just equal to that poset, hence an ideal domain in the sense of Martin [19].
(4) One might guess that the conditions M and P may be combined to the single condition that the maximal layer be
meet-dense. But consider the Fir Tree F (left diagram below) which is an algebraic dcpo yet not a camp. Putting one “candle”
above each compact element of F , one obtains a Christmas Tree C (right diagram below) that is a damp in which MC is not
meet-dense.
F













  












  












  



C






















  
























  























  





(5) Any algebraic dcpo has the properties C, A and M (the latter by virtue of Zorn’s Lemma) but may miss the point
generator property P. However, the same procedure as in (4) works with an arbitrary algebraic dcpo: putting one cov-
ering element above each non-maximal compact element, one arrives at a damp in which the maximal layer is not
meet-dense whenever the original algebraic dcpo had an element that was neither compact nor a meet of maximal el-
ements.
(6) Camps arise in many order-theoretical or algebraic contexts, and often they are even up-complete, hence damps. For
example, damps are formed by
• all partial orders on a set;
• all proper quasiorders on a set;
• all proper equivalence relations on a set;
• all linearly independent subsets of a vector space V with |V | > 2;
• all proper ideals of a unitary ring in which every ﬁnitely generated ideal is an intersection of maximal ide-
als;
• all proper linear subspaces of a vector space having ﬁnite dimension; for inﬁnite dimension, they form a camp but not
a damp.
(7) Notice that the only complete camps are the one-element lattices. However, deleting the top element of a coatomistic
algebraic lattice always leaves a camp (which is a damp if and only if the top element was compact); moreover, this con-
struction yields camps in which all principal ideals are complete and the maximal layer is meet-dense; several of the
previous examples are of that kind. Conversely, adding a top to such camps returns coatomistic algebraic lattices. Special
instances are noetherian camps, i.e. camps in which all ideals are principal. For example, such a noetherian camp N is
obtained by removing the top element (the ground set) from a coﬁnite topology. Other examples are noetherian trees, like
NT or NT0.
M. Erné / Topology and its Applications 158 (2011) 945–962 951N









































































































    


















NT
























NT0
Let A be a camp and recall that we write MΣ A for the induced maximal point space (MA, σ A|MA). We say A is a
camp model for a T1-base space (X,B) provided X is homeomorphic to MΣ A and the base B is induced by the least base
(consisting of all cores of compact elements) of the Scott space Σ A = (A, σ A). The reasoning at the beginning of this
section shows:
Lemma 3. Every T1-base space has a camp model.
The construction of camp models becomes more transparent if we cancel the intermediate step of sobriﬁcation and
deﬁne such models directly. To that aim, recall that ΦB = IBd consist of all ﬁlters in a given base B, and let Φ˙ B denote
the collection of all ﬁlters in B that have nonempty intersection (the non-free ﬁlters in B):
Φ˙ B =
{
F ∈ ΦB = IBd:
⋂
F = ∅
}
.
The basic neighborhood ﬁlters
Bx = {B ∈ B: x ∈ B}
are precisely the maximal members of Φ˙ B, and a ﬁlter F in B belongs to Φ˙ B iff there is some x ∈ ⋂F , which is
tantamount to F ⊆ Bx .
Now, we are prepared to formulate precisely the algebraic model representation of T1-base spaces:
Theorem 3. If X is a T1-space with a base B then A = Φ˙ B is a camp model for (X,B); hence, X is homeomorphic to the maximal
point space MΣ A, and Bd is isomorphic to the poset KA of all compact elements of A.
Conversely, for any camp A, the maximal point space X =MΣ A is a T1-space with base B = {bX: b ∈ KA}, and A is isomorphic to
Φ˙ B.
Proof. (1) The poset A = Φ˙ B satisﬁes C, A and M, being the down-set generated by the antichain {Bx: x ∈ X} in the
algebraic dcpo Φ B = IBd (cf. Lemma 2). The compact elements of A are the principal ideals
BC = {B ∈ B: C ⊆ B} =
⋂
{Bx: x ∈ C} (C ∈ B),
which shows that each compact member of A is a meet of maximal members. Thus, A = Φ˙ B is a camp whose least base
KA = {BC : C ∈ B} is isomorphic to Bd . Moreover, the map
β : X → Σ A, x → Bx
is a topological embedding: β is one-to-one by the T1-axiom, and β induces a bijection between B and the least base
{[BC ): C ∈ B} of Σ A, on account of the equivalences
β(x) ∈ [BC ) ⇔ β(x) = Bx ⊇ BC ⇔ C ∈ Bx ⇔ x ∈ C .
(2) Let A be an arbitrary camp and B = KA its least base. Since MA is an antichain, X =MΣ A is T1, and since {bA: b ∈ B}
is the least base for Σ A, the trace B = {bX: b ∈ B} is a base for X . By condition P, the map ιX : b → bX provides an
isomorphism B  Bd . Now, for each a ∈ A,
ϕ(a) = {bX: b ∈ Ba}
is a ﬁlter in B, since Ba is an ideal of B . We have
a a′ ⇔ Ba ⊆ Ba′ ⇔ ϕ(a) ⊆ ϕ(a′) and⋂
ϕ(a) = {x ∈ X: ∀b ∈ Ba (b x)}= aX = ∅
952 M. Erné / Topology and its Applications 158 (2011) 945–962because a is the join of Ba (by A), and X is coﬁnal in A (by M). Any member of Φ˙ B is a ﬁlter F in B with nonempty
intersection, say F ⊆ Bx . By virtue of the dual isomorphism ιX : b → bX , there is a unique ideal I of B with F = {bX: b ∈ I}.
Now, F ⊆ Bx means that x is an upper bound of the directed set I , which by C has a join a. Using the compactness of the
elements of B , we conclude that I coincides with Ba, and F with ϕ(a).
In all, this shows that ϕ is in fact an isomorphism between A and Φ˙ B. 
Notice that the point generator property P is not only suﬃcient but also necessary in order that the least base of an
algebraic poset is dually isomorphic to the induced base of its maximal point space.
Corollary 3. Every T1-base space has an essentially unique camp model, and every camp is the model of an essentially unique T1-base
space.
4. Equivalences and dualities for camps and T1-base spaces
From Theorem 2, one deduces a purely topological description of camps:
Proposition 4. The Scott functor Σ induces a concrete isomorphism between the category of camps and the category of camp spaces,
by which are meant topological spaces X with the following four properties:
(C′) X is a conditionally monotone convergence space.
(A′) X has a strongly dense A-subspace (equivalently, a least base).
(M′) X is a union of maximal point closures.
(P′) Each base point closure is an intersection of maximal point closures.
Under this isomorphism, the damps correspond to the sober camp spaces.
Corollary 3 suggests that there should also exist an equivalence between suitable categories of camps and of T1-base
spaces, but there are diverse candidates for the choice of morphisms. In order to have a convenient framework, let us start
with a basic duality developed in [10] and [11]. By a T0-cover of a set X we mean a collection B of nonempty sets with
union X such that the specialization order deﬁned by
x y ⇔ Bx ⊆ By
(
where Bx = {B ∈ B: x ∈ B}
)
is antisymmetric, hence in fact a partial order. The pair (X,B) is then referred to as a T0-cover space. The dual cover space is
D(X,B) = (B, X˜) with X˜ = {Bx: x ∈ X}.
A continuousmap between cover spaces (X,B) and (X ′,B′) is a function f : X → X ′ such that f −(B ′) = {x ∈ X: f (x) ∈ B ′}
is in B for all B ′ ∈ B′ .
Special T0-covers are the T0-bases, i.e. the bases of T0-topologies. The corresponding cover spaces are referred to as
T0-base spaces. Note that any continuous map between T0-base spaces is continuous and dense as a map between the
corresponding T0-spaces, but not conversely.
On the other hand, a T0-cover B is called a T0-ideal cover and the pair (X,B) a T0-ideal space if each member of B is an
ideal w.r.t. the dual specialization order, that is, a ﬁlter w.r.t. the specialization order. From [10], we cite:
Lemma 4. The category of T0-cover spaces and continuous maps is self-dual under the functor D sending each morphism f : (X,B) →
(X ′,B′) to the preimage map D f : D(X ′,B′) → D(X,B), B ′ → f −(B ′). Under that duality, the T0-base spaces correspond to the
T0-ideal spaces.
The T1-bases are those T0-bases for which the specialization order is the identity relation (equivalently, the bases B with⋂Bx = {x} for all points x).
Their “algebraic” counterparts are the T1-ideal covers, i.e. those T0-ideal covers whose members are pairwise incompara-
ble, which happens if and only if the specialization order of the dual T0-cover space is the identity.
Corollary 4. Under the self-duality of T0-cover spaces, the T1-base spaces correspond to the T1-ideal (cover) spaces.
Next, we relate T1-ideal covers to certain ideal extensions, i.e. collections of ideals containing at least all principal ideals
of the underlying poset. Although T1-ideal covers rarely happen to be ideal extensions in their own right, it is not diﬃcult
to ﬁnd suitable substitutes among the ideal extensions: by an MI-extension of a poset P , we mean an ideal extension I such
that
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(M2) each principal ideal is an intersection of maximal members of I .
The ﬁrst condition means that I is a down-set in the ideal completion I P , generated by the antichain MI of all maximal
members; the second condition means that for x  y in P , there is an M ∈ MI with x /∈ M but y ∈ M (Maximal Ideal
Separation).
Observe that an MI-extension I completely determines the underlying poset, which is the union ⋃I ordered by spe-
cialization: x  y ⇔ x ∈ Iy . On the other hand, any MI-extension I is determined by its maximal layer MI . Indeed,
a straightforward veriﬁcation shows that passing from I to MI yields a one-to-one correspondence between MI-extensions
and T1-ideal covers. Of course, a ﬁnite poset P can have at most one MI-extension (formed by all principal ideals), and such
an MI-extension exists if and only if every element is a meet of maximal ones, i.e., P is a ﬁnite camp. For example, deleting
the top element of a ﬁnite coatomistic lattice yields a camp having exactly one MI-extension (see Examples (1) and (7) in
Section 3).
Now, it turns out that camps do not only provide convenient models for T1-base spaces, but also the abstract counter-
parts to MI-extensions and, consequently, to T1-ideal spaces. Any MI-extension (ordered by inclusion) is obviously a camp.
Conversely, for any algebraic poset A and its subposet B = KA of compact elements, the system
EA = {Ba: a ∈ A}
is an ideal extension of B . By virtue of the isomorphism a → Ba between A and EA, the conditions C+M in the deﬁnition
of camps translate into the condition M1, while P translates into M2. Thus, A is a camp if and only if EA is an MI-extension,
which in turn is equivalent to saying that
ME A = (KA,MEA) =
(
B, {Bx: x ∈MA})
is a T1-ideal space.
In order to view these correspondences as categorical equivalences or dualities, respectively, it is now time to introduce
suitable classes of morphisms for camps. Specializing the concept of partial Galois connections proposed in [11], we mean
by a partial Galois morphism between camps A and A′ a pair (ϕ,ψ) of maps ϕ :MA →MA′ and ψ : KA′ → KA such that
b′  ϕ(x) ⇔ ψ(b′) x for all b′ ∈ KA′ and x ∈MA.
The lower partial adjoint ψ is isotone and uniquely determined by its upper partial adjoint ϕ , which in turn is isotone and
uniquely determined by ψ .
Regarding camps as spaces, we may view the partial upper adjoint morphisms between camps as continuous maps
ϕ : MΣ A → MΣ A′ between the associated maximal point spaces. As morphisms between MI-extensions I ′ and I we take
M-continuous maps between the underlying posets P ′ =⋃I ′ and P =⋃I , i.e. maps ψ : P ′ → P with ψ−(M) ∈ MI ′ for all
M ∈MI .
Putting all pieces together and invoking Theorem 1, we arrive at
Theorem 4. The category of camps and upper partial adjoints is
(1) isomorphic to the category of camp spaces via Σ ,
(2) equivalent to the category of T1-base spaces via MΣ ,
(3) dual to the category of camps and lower partial adjoints via adjunction,
(4) dual to the category of MI-extensions via E,
(5) dual to the category of T1-ideal spaces via ME .
Furthermore, the following functor diagram commutes up to isomorphisms:
T1-ideal spacesMI-extensions
T1-base spacescamp spaces
camps
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

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

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entire camps. For instance, the identity map on the tree T from Example (2) in Section 3 is a lower partial adjoint between
the camp trees T1 and T that does not extend to an isotone map between the entire trees. On the other hand, there are
upper partial adjoints between the maximal layers of noetherian trees with no isotone extension to the whole camps; for
example, the identity map on the maximal layer of the tree NT from Example (7) in Section 3 is a partial upper adjoint
from NT0 to NT that cannot be extended to an isotone map on NT0.
5. Total morphisms between camps
Though (base) continuous maps between T1-(base) spaces are quite natural, they force to take partial adjoints as mor-
phisms between the corresponding camps. Sometimes, one might wish to consider total maps between the camps under
consideration. In order to achieve appropriate restricted equivalences and dualities, we say a map f : X → X ′ between
T0-base spaces (X,B) and (X ′,B′) is F-continuous if it is continuous and for each ﬁlter F in B,{
B ′ ∈ B′: f −(B ′) ∈ F}
is a ﬁlter in B′ . Since directed unions of ﬁlters are again ﬁlters, and unions are preserved under the preimage map f − , it
suﬃces to postulate that for each B ∈ B, the following system is a ﬁlter base:
{
B ′ ∈ B′: B ⊆ f −(B ′)}= {B ′ ∈ B′: f (B) ⊆ B ′}.
This is an automatic consequence of continuity whenever B′ is closed under ﬁnite intersections.
On the “algebraic side”, a map between T0-ideal spaces is said to be I-continuous if it is continuous and inverse images of
arbitrary ideals (with respect to the dual specialization order) are again ideals; as before, it suﬃces to postulate that inverse
images of principal ideals be ideals. For example, all homomorphisms between meet-semilattices, regarded as T0-ideal
spaces with the systems of ﬁlters, have that property. Accordingly, this time we take as morphisms between MI-extensions
I ′ and I of posets P ′ and P , respectively, the MI-continuous maps, i.e. functions ψ : P ′ → P such that
(MI) ψ−(M) ∈MI ′ for M ∈MI ,
(CI) ψ−(I) ∈ I ′ for I ∈ I .
Lemma 5. If a map ψ : P ′ → P satisﬁesMI then it is isotone, and condition CI is equivalent to I-continuity. Hence, the MI-continuous
maps between MI-extensions are precisely the I-continuous maps between the corresponding T1-ideal spaces.
Proof. Assume ψ(x′)  ψ(y′) and choose M ∈MI with ψ(x′) /∈ M  ψ(y′). Then M ′ = ψ−(M) is in MI ′ , hence a down-set,
and x′ /∈ M ′  y′ entails x′  y′ . By contraposition, we see that ψ is isotone. Condition CI implies that ψ is I-continuous, as
I contains all principal ideals and I ′ consists of ideals. For the converse, use the fact that each I ∈ I is contained in some
M ∈MI; condition MI ensures that I ′ ⊆ ψ−(M) ∈MI ′ , whence I ′ ∈ I ′ . 
However, the conditions MI and CI are independent (even if I and I ′ are ideal completions), as the next two examples
demonstrate.
Examples (of continuous maps between ﬁnite camps). We consider ﬁnite posets together with their ideal completions, consist-
ing of all (principal) ideals. The embedding ι on the left is ideal continuous (preimages of ideals are ideals) but does not
satisfy MI, whereas the embedding μ on the right satisﬁes MI but is not ideal continuous:
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Note that a continuous map f between T0-base spaces (X,B) and (X ′,B′) is F-continuous if and only if the preimage
map D f between the T0-ideal spaces D(X ′,B′) and D(X,B) is I-continuous; hence, we conclude:
Proposition 5.
(1) The self-duality for T0-cover spaces restricts to a duality between T1-base spaces with F-continuous maps and T1-ideal spaces with
I-continuous maps.
(2) The category of MI-extensions with MI-continuous maps is concretely isomorphic to the category of T1-ideal spaces with I-
continuous maps.
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cores are open cores; the latter amounts to saying that inverse images of principal ﬁlters generated by compact elements
are again such, as we are dealing with algebraic posets (equipped with the Scott topology). Since condition MI means that
ψ− : MI → MI ′ preserves maximality, and condition CI translates into the second part of MC-continuity for ψ− (cf. [11]),
we infer from Theorem 4:
Corollary 5. Sending MC-continuous maps ψ : A′ → A between camps to their preimage maps ψ− : EA → EA′ , one obtains a duality
between the category of camps with MC-continuous maps and the category of MI-extensions with MI-continuous maps.
We have now collected together the necessary components for our main conclusion. By Proposition 5, the category of T1-
base spaces with F-continuous maps is dual to the category of T1-ideal spaces with I-continuous maps, which is concretely
isomorphic to the category of MI-extensions with MI-continuous maps. The latter in turn is dual to the category of camps
with MC-continuous maps, by Corollary 5. Composing the dualities with the isomorphism in the middle, we arrive at
Theorem 5. By restriction to the maximal point spaces, the category of camps with MC-continuous maps is equivalent to the category
of T1-base spaces with F-continuous maps.
6. Representation of zero-dimensional T1-spaces
In this section, we assume some familiarity with continuous posets [15]; although the chosen generality would be
dispensible for the present study, it opens a wider perspective to domain model representations.
Keye Martin wrote in [19]:
“One of the widely hold intuitions about models of spaces, namely that algebraic domains can only model zero-
dimensional spaces, is not characteristic of domain theory.”
In fact, Martin construed ideal (hence algebraic) models for arbitrary completely metrizable spaces, and a few years before,
we had shown [13,14] that all metrizable spaces can be modelled by certain “ﬂat” (but not always up-complete) camps. On
the other hand, Lawson had characterized the Polish spaces, i.e., the separable completely metrizable spaces, as the maximal
point spaces of continuous dcpos A with a countable base and
σ A|MA = λA|MA
where the Lawson topology λA is generated by the Scott-open sets and the complements of principal ﬁlters [a) (see Lawson
[17], Martin [20]). For algebraic posets A, it is clear that this coincidence makes the maximal point space zero-dimensional,
because each member bX (b ∈ KA) of the induced base becomes clopen. We shall make use of a purely order-theoretical
description of the above topological coincidence. Given an element a and a subset X of a continuous poset A, put
a)X = {x ∈ X: ⇓ x⊆ ↓aX}.
Call an element x ∈ X an ultrapoint if x ∈ a)X implies x ∈ aX for each a ∈ A. Any ultrapoint is maximal in X , hence maximal
in A if X is coﬁnal with A. Conversely, in any Scott domain (that is, in any continuous dcpo such that any ﬁnite upper
bounded subset has a join), all maximal elements x ∈ X are ultrapoints, provided X is coﬁnal in A: suppose x ∈ a)X ; then,
for each b  x, there is a y ∈ X with a y and b  y, whence a ∨ b exists, and ↓{a ∨ b: b  x} is an ideal with join a ∨ x.
By maximality of x, this can happen only if a x.
Lemma 6. For a continuous poset A, an element a ∈ A and a subset X of A, the σ -closure of aX is a)X. Hence, the following conditions
are equivalent:
(a) σ A|X = λA|X .
(b) For each a ∈ A, the set aX is closed w.r.t. the relative topology σ A|X .
(c) Each element of X is an ultrapoint, i.e., x ∈ a)X implies x ∈ aX.
In (b) and (c), it suﬃces to consider elements a of join-dense subsets. Hence, if A is algebraic, the above conditions are equivalent to
(d) For each b ∈ B = KA and x ∈ X, Bx⊆ ↓bX implies b x.
Proof. Since A is continuous, the sets ⇑b = {a ∈ A: b  a} form a base for σ A, and the sets ⇑b ∩ X form a base for σ A|X .
Hence,
x ∈ clX (aX) ⇔ ∀b ∈ A (b  x ⇒ ⇑b ∩ aX = ∅) ⇔ ⇓ x⊆ ↓aX,
where the last equivalence follows from the interpolation property of .
956 M. Erné / Topology and its Applications 158 (2011) 945–962(a) ⇔ (b) is clear by deﬁnition of the Lawson topology, and (b) ⇔ (c) by the equation a)X = clX (aX).
Now assume A has a join-dense subset B such that for each b ∈ B there is a U ∈ σ A with bX = X \ U . Then, for (a), we
observe that aX =⋂{bX: b ∈ Ba} is closed in σ A|X for each a ∈ A, being an intersection of closed sets.
Clearly, (c) for a ∈ B = KA is equivalent to (d) if A is algebraic. 
In order to bring the various aspects of Lemma 6 “under a common umbrella”, we call a subset X of the maximal layer
MA of a poset A an umbrella if it has property (c) (respectively, (d), if A is algebraic).
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We have mentioned that the gain of directed joins by sobriﬁcation may destroy the maximality of original points. The
following lemma is helpful in preserving the maximality of certain points (cf. [17] for a similar result):
Proposition 6. Let A be a continuous subposet of a continuous dcpo D so that
(1) X =MA is a coﬁnal umbrella in A,
(2) A is join-dense in D, and for each x ∈ X, b A x implies b D x.
Then the σ -closure clσ D(A) of A in D is a continuous dcpo, too, and maximal elements of A remain maximal in clσ D(A).
Proof. It is well known that every Scott-closed subset of a continuous resp. algebraic dcpo is again one (cf. [15]). Assume
x ∈ X and x < y for some y ∈ clσ D(A). By continuity of D , there is an a ∈ D with a  y in D but a  x, and by (2), we
may assume a ∈ A. By continuity of A and (1), there is a b ∈ A  ↓aX with b A x < y, hence also b D x by (2). Then
U = ⇑a ∩ ⇑b is a Scott-open neighborhood of y in D , and as y lies in the σ -closure of A, we ﬁnd a u ∈ A ∩ U . But now,
by coﬁnality of X , we may assume u ∈ X (observing that U is an up-set) and arrive at the contradiction b ∈ ⇓u ∩ A ⊆ Au ⊆
↓aX . Thus, x is also maximal in clσ D(A). 
As condition (2) is fulﬁlled whenever D = clσ D(A) is the underlying poset of the sobriﬁcation of Σ A, which is always a
dcpo, and an algebraic resp. continuous poset if and only if A is one (see [11,15]), we derive from Proposition 6:
Corollary 6. If A is an algebraic (resp. continuous) poset with coﬁnal umbrella MA, then the underlying poset of the sobriﬁcation of
Σ A is an algebraic (resp. continuous) dcpo D, and MA remains an umbrella in D.
Examples (An algebraic poset and its sobriﬁcation). In the algebraic poset A sketched below (the top element omitted), the
maximal layer is coﬁnal but not an umbrella. Its sobriﬁcation D = clσ D(A) adds a top element, whence MA ∩MD = ∅.
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M. Erné / Topology and its Applications 158 (2011) 945–962 957Now, let us turn to the algebraic representation of zero-dimensional T1-base spaces.
Theorem 6. For a base B of a T1-space X, the following four conditions are equivalent:
(a) B consists of clopen sets.
(b) ΦB is a damp and X˜ = {Bx: x ∈ X} is an umbrella in ΦB.
(c) There is an essentially unique damp A such that X is an umbrella in A and b → bX is an isomorphism between KA and Bd.
(d) X is an umbrella in some algebraic poset A with B = {bX: b ∈ KA}.
Hence, a topological space X is T1 and zero-dimensional iff it is an umbrella in an algebraic poset (dcpo, damp), endowed with the
relative Scott topology.
Proof. (a) ⇒ (b). We know that A = ΦB = IBd is an algebraic dcpo with KA = {BC : C ∈ B}, where BC = {B ∈ B: C ⊆ B}.
(i) X˜ is contained in MA:
Assume Bx ⊂ F for some F ∈ A, and pick a C ∈ F with x /∈ C . Then X  C is open and contains x, so there is a B ∈ Bx
with x ∈ B ⊆ X  C . But then B,C ∈ F and B ∩ C = ∅, contradicting the ﬁlter base property of F .
(ii) X˜ is an umbrella in A:
It suﬃces to verify condition (d) in Lemma 6, which in the present situation means that for x ∈ X and C ∈ B, the
inclusion
(∗) KA ∩ (Bx] ⊆ ↓BC X˜
implies BC ⊆ Bx , i.e. x ∈ C . But (∗) states that for B ∈ B with BB ⊆ Bx there is a y ∈ X with BC ⊆ By and BB ⊆ By , or
expressed in a simpler way, that B ∈ Bx implies B ∩ C = ∅. But the latter means x ∈ C = C , because C is clopen.
(iii) ΦB is a damp:
For this, it only remains to verify condition P, which is an immediate consequence of (i) and the equation BC =⋂{Bx: x ∈ C} (x ∈ X, C ∈ B).
(b) ⇒ (c). Take A = ΦB and recall that the least base of A,
{bA: b ∈ KA} = {{F ∈ ΦB: C ∈ F}: C ∈ B}
induces on X˜ the base {{Bx: x ∈ C}: C ∈ B}, which is the image of B under the homeomorphism β : X → X˜ , x → Bx (see
the proof of Theorem 3).
(c) ⇒ (d) is trivial.
(d) ⇒ (a). If A is an algebraic poset and X is an umbrella in A then the least base {bA: b ∈ B} of Σ A consists of λ-
clopen sets, and consequently, the induced base B = {bX: b ∈ B} is a clopen base for the relative topology σ A|X = λA|X .
Now, apply Lemma 6. 
Note that for certain clopen bases B, the set X˜ may be properly contained in the maximal layer MΦB. For example,
in the space of irrationals, the base B of clopen intervals with rational endpoints contains the maximal ﬁlter of all such
intervals around the origin, though this is not of the form Bx for irrational x. Though this space is not complete in the usual
metric, it is completely metrizable; hence, it has an algebraic model with a countable base (see Martin [19,20]). Theorem 6
also applies to the rationals, which form a zero-dimensional (but not completely) metrizable space; however, that space
cannot be represented as the subspace of all maximal points in any algebraic or continuous dcpo, because such subspaces
must have the Baire property.
That not every T1-space may be represented as a subspace of some maximal points in a continuous dcpo is a con-
sequence of the following well-known fact: If A is a continuous dcpo then each subset closed under directed joins gives a sober
subspace ofΣ A (but is not continuous in general). In particular, any set of maximal points in an algebraic or continuous dcpo, endowed
with the relative Scott topology, is a sober T1-space.
7. Representation of T1-spaces by damps
We now turn to the question of which T1-spaces do have damp models, i.e. domain models that are camps. Probably
Martin [19] was the ﬁrst to observe that among all metrizable spaces, exactly the completely metrizable ones possess ideal
domain models (in which all non-maximal elements are compact). As we shall see below, completely metrizable spaces and
much more general classes of spaces even have (essentially unique!) ideal damp models.
There is a surprisingly simple characterization of those T1-(base) spaces which have a damp model. Let us call a topo-
logical base B ﬁlter-complete if every ﬁlter base in B has a nonempty intersection (in other words, B contains no free ﬁlter
base). Note that the maximal ﬁlter bases in a ﬁlter-complete base B are exactly the neighborhood bases Bx .
958 M. Erné / Topology and its Applications 158 (2011) 945–962Proposition 7. Under the equivalence between camps and T1-base spaces via relativization to the maximal layers, the damps corre-
spond to those T1-base spaces (X,B) for which B is ﬁlter-complete.
Proof. Consider any camp A with least base B = KA and its maximal point space X = MΣ A with canonical induced base
B = {bX: b ∈ B}. The map
ϕ : A → Φ˙B ↪→ ΦB = IBd, a → {bX: b ∈ Ba}
is an order embedding whose corestriction to Φ˙B is an isomorphism (see the proof of Theorem 3). It is now easy to see that
A is up-complete iff Φ˙B coincides with ΦB, which means that every ﬁlter base in B has a nonempty intersection: indeed,
if A is up-complete then so is the isomorphic copy Φ˙B; hence, for each ﬁlter base F in B, the directed set {BC : C ∈ F}
has a join in Φ˙B, which is contained in some Bx; and then x ∈⋂F . 
It follows from Proposition 7 and Martin’s results about domain representability that every T1-space with a ﬁlter-
complete base is sober and Baire – which is not obvious from the deﬁnition. But, even if one starts with a noetherian
poset A, the base of the maximal point space induced by the least base of Σ A need not be ﬁlter-complete!
Examples (A noetherian poset that is not a camp).
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Here, the maximal point space is discrete, but the base induced by the least base of Σ A is not ﬁlter-complete: the ﬁlterbase
{bX: b ∈ A  X} is free.
(A damp model for the reals). While the usual open interval base for the reals is not ﬁlter-complete, one may select a base B
of open intervals with pairwise distinct rational endpoints, e.g.
B =
{]
z
p
− p − 1
p2
,
z
p
+ p − 1
p2
[
: z ∈ Z, p prime
}
.
Since for B,C ∈ B, proper inclusion B ⊂ C entails B ⊆ C , and since ﬁltered intersections of nonempty compact intervals are
nonempty, B is ﬁlter-complete. Hence, ΦB is a damp model for the reals, whereas Martin’s ideal model of the reals [19]
fails to be a damp model.
In spite of the simple correspondence in Theorem 7, it remains to determine whether a given T1-space has a ﬁlter-
complete base. Though the solution might be rather diﬃcult in general, there are large and important classes of spaces that
do even possess complete bases, by which we mean bases B such that any non-principal ﬁlter base in B is a neighborhood
base at some point (cf. Green [16]). Considerably weaker than ﬁlter-completeness is the property of monotonical completeness
introduced by Wicke and Worrell [22,23], requiring that every linearly ordered ﬁlter base in B has a cluster point. A base
B of a space X is of countable order [2,23] or, for short, a BCO [5] if for each x ∈ X , any non-principal ﬁlter base in Bx is
a neighborhood base at x. An Aronszajn space is a regular space with a BCO, and a complete Aronszajn space is one with a
monotonically complete BCO (cf. [3,16,23]). For the theory of Moore spaces (i.e. developable T3-spaces), see [21].
Lemma 7. Every (completely) metrizable space is a (complete) Moore space, and every (complete) Moore space is a (complete) Aron-
szajn space.
The best we can say at the moment about the representability by ideal camp models (in which all non-maximal elements
are compact) is the following (proofs are given in [12]):
Theorem 7. Under the equivalence between camps and T1-base spaces via relativization to the maximal layers, the ideal camps corre-
spond to those T1-base spaces (X,B) for which B is a base of countable order. Similarly, the ideal damps correspond to those T1-base
spaces (X,B) for which B is a complete base.
The complete Aronszajn spaces are exactly those regular spaces which have a complete base.
Corollary 7. Every (complete) Aronszajn space, every (complete) Moore space and, in particular, every (completely) metrizable space
has an (up-complete) ideal camp model.
This improves a recent result due to Bennett, Lutzer and Reed [5], saying that a T3-space with a BCO is representable by
an (ideal) domain iff it is a complete Aronszajn space. We also have an exact characterization of those camps (resp. damps)
which correspond to metrizable (resp. completely metrizable) spaces; details are deferred to [12] and [14].
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tonically complete, because any chain of coﬁnite subsets must be countable and has therefore a nonempty intersection. But
the base of all coﬁnite sets is a free ﬁlter base.
8. Representation of Stone base spaces
Though it may be hard to ﬁnd convenient necessary and suﬃcient conditions guaranteeing the existence of a ﬁlter-
complete base in general, it is easy to see that any base of clopen sets in a compact space is ﬁlter-complete. From this, we
infer that all Stone spaces (alias Boolean spaces), that is, all compact zero-dimensional T1-spaces, do have damp models. More
precisely, referring to Stone spaces with a distinguished base of clopen sets as Stone base spaces, one readily deduces from
Theorems 6 and 7:
Proposition 8. For every Stone base space (X,B) there is an essentially unique damp A such that X is the umbrella of all maximal
elements of A and B is the induced base {bX: b ∈ KA}. Any such damp is isomorphic to ΦB = Φ˙B.
We shall now restrict the equivalence in Theorem 7 to one between the category of Stone base spaces and the category
of so-called Stone camps. These are algebraic dcpos A whose maximal elements form a subset X = MA with the following
properties (where B = KA consists of all compact elements):
(S1) X is meet-dense in A: a =∧aX for all a ∈ A.
(S2) X is compact: D ⊆ B and X ⊆ ↑ D imply X ⊆ ↑ E for a ﬁnite E ⊆ D .
(S3) X is an umbrella: for a in A (or B) and x ∈ X , Bx⊆ ↓aX implies a x.
Passing from such Stone camps A to the subposets B = KA of compact elements, we obtain so-called Boolean bases
(a justiﬁcation for the terminology will be given at the end); they are deﬁned to be posets B with the following three
properties corresponding to S1, S2 and S3, respectively:
(B1) Every ideal of B is an intersection of maximal ideals.
(B2) If D ⊆ B meets every maximal ideal then so does a ﬁnite E ⊆ D .
(B3) Every maximal ideal of B is an ultraideal.
Here, by an ultraideal we mean an ideal I that contains each element compatible with all elements of I . (Two elements a, b
are compatible or consistent if there is a c with a c and b c.) A comparison with the deﬁnition of ultrapoints in Section 6
reveals that the ultraideals are just the ultrapoints of the ideal poset IB . The dual notion of ultraﬁlter generalizes the usual
one in power sets and Boolean lattices. Every ultraideal is a maximal ideal, and the converse holds in posets where any
upper bounded two-element subset has a join. Conditions B1 and B3 may be combined to the single condition:
(B) Every ideal is an intersection of ultraideals.
The next lemma, providing the expected link between Boolean bases and Stone camps, is now easily veriﬁed:
Lemma 8. For a poset B and a coﬁnal subset X of IB, the following are equivalent:
(a) Each of the sets Xb = {I ∈ X: b ∈ I} (b ∈ B) is clopen in MΣ IB.
(b) X is an umbrella in IB.
(c) X consist of ultraideals.
Hence, B is a Boolean base iff IB is a Stone camp, and an algebraic dcpo A is a Stone camp iff KA is a Boolean base.
By a theorem due to Bonnet [7], a poset is a ﬁnite union of ideals iff there is no inﬁnite subset of pairwise incompatible
elements. Any such poset has only a ﬁnite number of maximal ideals and satisﬁes therefore B2 and B3. However, B1 is a
strong additional requirement.
By a Stone base, we mean a base of clopen sets in a Stone space.
Theorem 8. For any Boolean base B, the maximal ideal space X =MΣ I B is a Stone space with the Stone base B = {Xb: b ∈ B}, where
Xb = {I ∈ X: b ∈ I}. Conversely, any Stone base B, ordered by dual inclusion, is a Boolean base. Hence, the Boolean bases are, up to
isomorphism, exactly the Stone bases.
Proof. If B is a Boolean base then, by Lemma 8, MΣ I B is the maximal point space of the Stone camp A = I B (use B  KA).
Since {bA: b ∈ KA} is a base for σ A consisting of λ-clopen sets, its trace B = {bX: b ∈ KA} is a clopen base for the space
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By S2, X is compact, and S1 assures that B is isomorphic to Bd .
Conversely, assume that (X,B) is any Stone base space. Then x → Bx is a bijection between X and MIBd . We show that
Bd is a Boolean base.
(B1) Consider a ﬁlter F in B (that is, an ideal in Bd) and a B ∈ B  F . If ⋂F would be contained in B then, by
compactness of X and closedness of the members of B, we would obtain C ⊆ B for some C ∈ F , so that B would belong
to F . By contraposition, there is an x ∈⋂F  B , whence F ⊆ Bx but B /∈ Bx . This shows that F is a meet of maximal
ideals Bx in Bd .
(B2) Assume that D ⊆ B meets all maximal ideals of Bd . Then, for each x ∈ X , there is a B ∈ D ∩ Bx , which means
x ∈ B ∈ D. In other words, D is an open cover of X and contains, by compactness, a ﬁnite subcover E . Translating the
equation X =⋃E back, we see that E meets every maximal ideal Bx .
(B3) For each maximal ideal Bx in Bd , if some C ∈ B meets each member of Bx (which means compatibility by the base
property of B) then x ∈ C , i.e. C ∈ Bx (otherwise, X  C would be open and contain some member of Bx). Thus, Bx is an
ultraideal. 
By an M-continuous map between posets, we mean one such that preimages of maximal ideals are again maximal ideals.
This entails, under the hypothesis B1 for the codomain, that preimages of ideals are ideals; thus, any such map is in fact
MI-continuous as a morphism between the associated ideal completions (cf. Lemma 5).
Now, restricting the duality between algebraic posets and ideal extensions once more, we get:
Corollary 8. The category of Stone camps with MC-continuous maps is equivalent to the category of Stone base spaces with F-
continuous maps, and dual to the category of Boolean bases with M-continuous maps.
9. Conclusion: Boolean bases classically
Let us recapitulate the various characterizations of Boolean bases derived thus far:
Proposition 9. For a poset B, its ideal completion A = I B and the maximal point space X = MΣ A, the following conditions are
equivalent:
(a) B is a Boolean base.
(b) A is a Stone camp.
(c) X is a Stone space and {bX: b ∈ KA}  B is a clopen base for X.
For ﬁnite posets, the situation is very transparent:
Lemma 9. Let B be a ﬁnite poset. Then the following are equivalent:
(a) B is a Boolean base.
(b) B is a Stone camp.
(c) B is a camp.
(d) MB is meet-dense in B.
It is also easy to see that the noetherian Stone camps are just the ﬁnite camps. Indeed, in noetherian camps every ideal
is principal, and consequently the maximal ideals (that is, the principal ideals generated by maximal elements) coincide
with the ultraideals.
Let us supplement the preceding considerations by three examples demonstrating the independence of the axioms B1,
B2 and B3.
Examples (Posets violating one of the conditions B1, B2, B3).
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   
B1, ¬B2, B3
The Cantor Tree CT of all binary (ﬁnite or inﬁnite) streams is the classical example of an inﬁnite ideal Stone camp. Its
maximal point space is Cantor’s Discontinuum, a Stone space homeomorphic to 2ω . The corresponding Boolean base is the
subtree of all ﬁnite words.
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The Cantor Tree augmented by a countable set M of maximal elements still satisﬁes B1 and B2, but no longer B3. In fact,
no non-principal maximal ideal is an ultraideal.
How are the previous results (which have been obtained without any choice principles!) related to the classical Stone
duality? Clearly, one may take the collection of nonempty clopen sets of a Stone space as a base (the exclusion of the empty
set from all bases was crucial at several places). But, at ﬁrst glance, our deﬁnition of Boolean bases has not much to do
with what one would consider to be a ﬁnitary meet-base of a Boolean lattice L, namely a subset B not containing the top
element of L such that every element of L is a meet of a ﬁnite subset of B (with 1 =∧∅). However, invoking the Boolean
Prime Ideal Theorem (PIT) in the very last step, we can show:
Theorem 9. Any Boolean base is a ﬁnitary meet-base of a Boolean lattice. The converse statement is equivalent to the Boolean Prime
Ideal Theorem.
Proof. We already know that any Boolean base is isomorphic to a Stone base Bd . The clopen (i.e. compact open) sets of
the corresponding Stone space form a Boolean lattice whose members are ﬁnite unions of basic sets. Thus Bd is a ﬁnitary
meet-base of the order-dual Boolean lattice.
Consider, on the other hand, a ﬁnitary meet-base B of an arbitrary Boolean lattice L. By the classical Stone duality,
relying on the Prime Ideal Theorem, L is isomorphic to the lattice of clopen sets in a Stone space X , and B is then (dually)
isomorphic to a Stone base of X , hence a Boolean base.
Conversely, under the hypothesis that each ﬁnitary meet-base of a Boolean lattice L is a Boolean base in our sense, we
have in particular that B = L \ {1} is a Boolean base, and then B1 returns PIT. 
Corollary 9. Calling the systems of all maximal ideals of Boolean bases Boolean covers, one obtains the following diagram of categorical
correspondences:
T1-ideal coversMI-extensions
T1-basescamps
Boolean coversBoolean bases
Stone basesStone camps
⊆
⊆
⊆
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